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Abstract 

Given a seven-element set X = {1,2,3,4, 5, 6, 7}, there are 30 ways to define a Fano plane 
on it. Let us call a line of such Fano plane, that is to say an unordered triple from X, 
ordinary or defective according as the sum of two smaller integers from the triple is or is 
not equal to the remaining one, respectively. A point of the labeled Fano plane is said to be 
of order s, 0 < s < 3, if there are s defective lines passing through it. With such structural 
refinement in mind, the 30 Fano planes are shown to fall into eight distinct types. Out of 
the total of 35 lines, nine ordinary lines are of five different kinds, whereas the remaining 26 
defective lines yield as many as ten distinct types. It is shown, in particular, that no labeled 
Fano plane can have all points of zeroth order, or feature just one point of order two. A 
connection with prominent configurations in Steiner triple systems is also pointed out. 
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It is well known nnia that there are thirty different Fano planes on a given seven-element 
set. Slightly rephrased, there are thirty different ways to label the points of the Fano plane 
by integers from 1 to 7, two labeled Fano planes having zero, one or three lines in common 
and each line occurring in six Fano planes. The set of thirty labeled Fano planes can be 
uniquely partitioned into two sets, say A and R, of fifteen elements each, such that any two 
labeled Fanos in the same set have just one line in common. Following the labeling adopted 
by Polster [4], the two sets read 


Ai : {124,136,157,235,267,347,456}, 

A 2 : {127,136,145,234,256,357,467}, 
A 3 : {125,136,147, 237, 246, 345, 567}, 
A 4 : {125,TM,TF7,236,247,357,456}, 
As : {127,135,146,236,245,347,567}, 
Ag : {124,137,1^,236,^,345,467}, 
At : {m, 147, TM, 245,267,346,357}, 
As : {124,135,167,237,256,346,457}, 
Ag : {126,137,145,235,247,346,567}, 
Aio : {T23,T45,I67,246,257,M7,356}, 
All : {126,TM, 157,237,245,356,467}, 
Ai 2 : {125,137,146, 234, 267, 356,457}, 
Ai 3 : {123,146,157, 247, 256,345, 367}, 
Ai 4 : {127, TM, 1^,235, 246,367,457}, 
Ais : {126,135,147,234,M7,367,456}, 


Bi : {127,136,145, 235, 246,347, 567}, 

B 2 : {125,136,147, 234, 267,357,456}, 
B 3 : {124,136,157, 237, 256, 345,467}, 
B 4 : {127, TM,TM, 236, 245, 357,467}, 
B 5 : {124,135,167, 236, M7,M7, 456}, 
Be : {125,137,146,236,247,345,567}, 
Br : {TM, 145,167,247,256,346,357}, 
Be : {126,135,147,237,245,346,567}, 
Bq : {124, 137,TM,M5, 267,346,457}, 
Rio : {TM, 146,157, 245, 267,MT, 356}, 
Rii : {125,TM,T67,237,M6,356,457}, 
Ri 2 : {126, 137,T45,234,M7,356,467}, 
Bis : {TM,147,TM,246,M7,345,367}, 
Ri 4 : {126,TM, 157,M5,247,367,456}, 
Ris : {127,135,146,234,256,367,457}, 


where for triples of integers we use a shorthand notation {a, 6, c} = abc. 

Given a line abc, where, without loss of generality, we can take l<a<5<c<7, we 
shall distinguish between the cases when a -I- 6 = c and a -I- 6 ^ c and call the former/latter 
ordinary/defective [5]; for the sake of convenience, in the above-given sets A and B all 
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ordinary lines are denoted by overbars. Furthermore, a point of the labeled Fano plane is 
said to be of order s, 0 < s < 3, if there are s defective lines passing through it; hence, in 
addition to two different kinds of lines, a labeled Fano plane can potentially feature up to 
four distinct types of points. A detailed inspection of each of the 30 labeled Fano planes 
given above shows that they fall, in terms of such structural refinement, into eight different 
types as portrayed in Figure 1 and summarized in Table 1. It is also interesting to compare 
the distributions of types within each 15-element set, given in Tables 2 and 3, as well as 
cardinalities of individual types, listed in Table 4; note a pronounced asymmetry between 
sets A and B. 



Figure 1: A diagrammatic illustration of representatives of eight distinct types of numbered 
Fano planes. A point of order three, two, one and/or zero is represented by red, blue, green 
and/or yellow color, respectively; heavy lines are defective. The types a and 7 do not exist, 
i. e. it is impossible label the Fano plane in such a way that all or just five of its lines would 
be ordinary. 
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Table 1: The eight distinct types of labeled Fano planes, each being uniquely characterized 
by the number of points of every particular order. To understand better the symmetry 
pattern, we arrange complementary types into pairs and list also the two non-existent types 
a and 7 . 



Points of Order 

Type 

0 

1 

2 

3 

(a) 

(7) 

(0) 

(0) 

(0) 

a' 

0 

0 

0 

7 

p 

4 

3 

0 

0 

P' 

0 

0 

3 

4 

( 7 ) 

(2) 

(4) 

(1) 

(0) 

7 ' 

0 

1 

4 

2 


1 

3 

3 

0 


0 

3 

3 

1 

<52 

0 

6 

0 

1 

<5^ 

1 

0 

6 

0 


Table 2: Types of Fano planes in set A. 


Plane 

1 

2 

3 

4 5 

6 7 

8 9 

10 

II 

12 

13 

14 

15 

Type 

7 ' 

P' 

P' 

7 ' P' 

i i 

P' i 

P 

P' 

a' 

P' 

<52 

P' 


Table 3: Types of Fano planes in set B. 


Plane 

1 

2 3 

4 

5 6 

7 8 9 

10 

11 

12 

13 

14 15 

Type 

<5i 

a' o' 

i 

a' 

a' i 

i 

^'1 

7 ' 

<5i 

7 ' a' 


Table 4: Cardinalities of individual types of Fano planes. 


Type 

(a) P ( 7 ) 


^2 

a' 

P' 

7 ' 


^2 

Set A 

1 - 

0 

1 

1 

7 

5 

0 

0 

Set B 

- 0 - 

2 

0 

5 

0 

5 

1 

2 

Total 

1 - 

2 

1 

6 

7 

10 

1 

2 


In addition to classifying planes, we can also classify lines in terms of the types of six 
planes passing through each of them, the corresponding findings being given in Table 5. We 
find that nine ordinary lines are of five different kinds, whereas the remaining 26 defective 
lines yield as many as ten distinct types. We further observe that no ordinary line exhibits 
a plane of type a' and there is only one defective line that features plane of type (3. It is 
also worth pointing out that it is only one plane in set A that is devoid of ordinary lines, 
whereas in set B one finds four such planes. 

To conclude the paper, let us have a look at Figure I and focus on that sub-geometry in 
each labeled Fano plane representative which is formed by defective lines and points lying 
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Figure 2: Five distinguished Fano derivatives, with their traditional names, found within 
labeled Fano planes. 


Table 5: The types of lines; nine ordinary lines go first. Lines belong to a given type if they 
possess the same string of parameters. 


Line 

(a) 

/3 

(t) 


<52 

a' 

/S' 

7' 


<5^ 

123 

— 

1 

— 

1 

0 

0 

1 

2 

0 

1 

145 

— 

1 

— 

1 

0 

0 

1 

2 

0 

1 

257 

— 

1 

— 

1 

0 

0 

1 

2 

0 

1 

347 

- 

1 

- 

1 

0 

0 

1 

2 

0 

1 

156 

— 

0 

— 

1 

1 

0 

0 

4 

0 

0 

235 

- 

0 

- 

1 

1 

0 

0 

4 

0 

0 

246 

- 

1 

- 

2 

1 

0 

1 

0 

1 

0 

167 

- 

1 

- 

0 

0 

0 

1 

1 

1 

2 

134 

- 

0 

- 

0 

1 

0 

1 

3 

1 

0 

124 

— 

0 

— 

0 

0 

1 

1 

3 

0 

1 

236 

— 

0 

— 

0 

0 

1 

1 

3 

0 

1 

247 

— 

0 

— 

0 

0 

1 

1 

3 

0 

1 

346 

— 

0 

— 

0 

0 

1 

1 

3 

0 

1 

357 

— 

0 

— 

0 

0 

1 

1 

3 

0 

1 

456 

- 

0 

- 

0 

0 

1 

1 

3 

0 

1 

136 

— 

0 

— 

1 

0 

2 

2 

1 

0 

0 

147 

— 

0 

— 

1 

0 

2 

2 

1 

0 

0 

345 

— 

0 

— 

1 

0 

2 

2 

1 

0 

0 

567 

- 

0 

- 

1 

0 

2 

2 

1 

0 

0 

126 

— 

0 

— 

0 

0 

1 

2 

3 

0 

0 

157 

— 

0 

— 

0 

0 

1 

2 

3 

0 

0 

245 

— 

0 

— 

0 

0 

1 

2 

3 

0 

0 

467 

- 

0 

- 

0 

0 

1 

2 

3 

0 

0 

135 

— 

0 

— 

0 

0 

2 

3 

0 

0 

1 

237 

— 

0 

— 

0 

0 

2 

3 

0 

0 

1 

256 

- 

0 

- 

0 

0 

2 

3 

0 

0 

1 

127 

— 

0 

— 

1 

1 

1 

2 

1 

0 

0 

367 

- 

0 

- 

1 

1 

1 

2 

1 

0 

0 

146 

— 

0 

— 

0 

0 

3 

2 

1 

0 

0 

234 

- 

0 

- 

0 

0 

3 

2 

1 

0 

0 

137 

— 

0 

— 

0 

0 

2 

0 

4 

0 

0 

267 

- 

0 

- 

0 

0 

2 

0 

4 

0 

0 

356 

- 

1 

- 

0 

0 

1 

1 

2 

1 

0 

457 

- 

0 

- 

0 

1 

2 

1 

1 

1 

0 

125 

- 

0 

- 

0 

0 

3 

1 

1 

1 

0 
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on them. We shall find the Fano plane itself and, using the language of [ 6 ] , all its derivatives 
depicted in Figure 2 that play a crucial role in classifying Steiner triple systems (see, for 
example, mi); as readily discerned from Figure 1, the semihead lies in a type-/3' plane, the 
mia in a type- 7 ' plane, a sail is hosted by the type-5( plane, the Pasch configuration is located 
in a type -(52 plane, the triangle in a type-5i plane and the Fano plane itself coincides with 
a type-a' plane. It should also be pointed out that if one instead considers sub-geometries 
formed by ordinary lines, then both the Fano plane and its derivate mia are absent. 

Obviously, any finite geometry (point-line incidence structure) with lines of size three 
can be looked at this way. We have already performed the corresponding examination of the 
Mobius-Kantor (83 (-configuration, the Pappus (Qa (-configuration as well as the Desargues 
(IO 3 (-configuration and plan to publish its outcome in a separate paper. 
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